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a b s t r a c t
The paper deals with a linear transport model for particles moving on a spherical surface
in the presence of absorption and scattering events. Starting from the analytical expression
for the particle density in the case of a pure absorbing sphere, an integral equation is
derived for situations inwhich isotropic scattering is present. The equation has been solved
numerically in order to obtain the Green function of the problem. Analytical and numerical
results are compared with those obtained resorting to the Monte Carlo method.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Linear transport theory deals with physical systems made of a very large set of particles whose reciprocal interaction is
negligible. Due to the practical applications of the theory, in particular to photon transport and to nuclear reactor physics,
linear transport has been an important field of research, and many analytical and numerical solutions have been produced,
for virtually every case of interest. A large body of work [1–7] exists on the one-velocity particle transport equation in
simplified three-dimensional geometries, but none of the studies are focused on situations inwhich particles are constrained
to being on a two-dimensional surface and, in particular, the case of a sphere. This particular geometry has a peculiar
characteristic, as particles emitted isotropically from a point of the sphere are all focused at the antipodal point. Thus, the
Green function of the problem presents two points of singularity, and the particle density is not monotonically decreasing
as the distance from the source increases. In the authors’ opinion, these peculiarities of the problem can be considered
sufficient motivation for performing the study that is presented here. Obviously, real particles move in a three-dimensional
space; however, in principle it is possible to constrain them to being in a domain inwhich one of the dimensions is very small
with respect to the others. For example, one could consider a spherical opticalwaveguide,made of three concentric spherical
layers, whose central layer has a higher refractive index with respect to the peripheral ones. With a suitable design of the
device, only one electromagnetic mode is guided in the central layer, and the theory here presented would be applicable. In
this paper, the analytic expression for the particle flux is derived in the case of an isotropic point source on a pure absorbing
sphere and then the integral transport equation is deduced for when the particle source is distributed on the sphere and
when isotropic scattering is present. Numerical solutions of the integral transport equation have been performed for typical
cases and the results have been compared to the ones obtained using the Monte Carlo method.
2. Theory
In this section, the transport equation for the distribution of particles moving on the surface of a sphere is deduced.
The particles, which are introduced by an external source, move with constant velocity and undergo capture and scattering
events. In order to analyze this physical situation, it turns out to be useful to start by considering a simpler situation, inwhich
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Fig. 1. Particle introduced by a point isotropic source moving at constant velocity on a spherical surface having radius R.
N particles are introduced instantaneously at time t0 at the point Q andmove at constant velocity, v, on a spherical surface
having radius R. If the particle source is isotropic, the particle density, n, depends only on time and on the curvilinear
coordinate s (as in Fig. 1), as
n (s, t) = N
2piρ (s)
δ (s− v (t − t0)) (1)
where ρ (s) = R sin (s/R). In fact, according to Eq. (1), the density is zero except for the region in which s = v (t − t0), and
the total number of particles on the sphere is∫
n (s, t) dA =
∫ +∞
0
n (s, t) · 2piρ (s) ds = N . (2)
When capture events are present, the density is reduced by the factor exp (−s/λ) (λ being the mean free path), which
represents the probability for a particle to travel a distance swithout any interaction. Consequently, Eq. (1) becomes
n (s, t) = N
2piρ (s)
exp
(
− s
λ
)
δ (s− v (t − t0)) . (3)
Considering a time-constant source emitting S particles per unit time, the density is the superposition of all the densities
due to the particles, Sdt0, introduced by the source in the time intervals dt0, for t0 ∈ (−∞, t) [8]
n (s) =
∫ t
−∞
S
2piρ (s)
exp
(
− s
λ
)
δ (s− v (t − t0)) dt0 = S2piρ (s) v exp
(
− s
λ
)
(4)
and, consequently, the particle flux, φ = n · v, is given by
φ (s) = S
2piρ (s)
exp
(
− s
λ
)
. (5)
As the coordinate s is periodic, a double infinity of values{
sk = R (θ + 2pik) k = 0, 1, 2, . . .
s′k = R (2pi − θ + 2pik) k = 0, 1, 2, . . .
(where θ = s/R) correspond to the same geometric point. Therefore, instead of considering the fluxφ defined for s ∈ [0,∞],
one can consider the new quantity Φ , defined for s ∈ [0, piR], in which the fluxes corresponding to the same spatial point
are summed:
Φ (s) =
+∞∑
k=0
[
φ (sk)+ φ
(
s
′
k
)]
. (6)
Thus, the resulting flux,Φ (s), is given by
Φ (s) = S
2piρ (s)
[
exp
(
− s
λ
)
+ exp
(
−2piR− s
λ
)] +∞∑
n=0
exp (−2pinΣR) (7)
and by summing the geometrical series, one obtains
Φ (s) = S
2piρ (s)
exp
(− s
λ
)+ exp (− 2piR−s
λ
)
1− exp (− 2piR
λ
) , (8)
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Fig. 2. Length sPQ of the circle arc of radius R connecting the points P and Q in spherical polar coordinates.
or, equivalently,
Φ (s) = S
2piρ (s)
cosh
(
piR−s
λ
)
sinh
(
piR
λ
) . (9)
When the particle source is distributed on the sphere, the flux in P is obtained simply by summing the contributions due to
the different sources SQdAQ on the whole surface, as
ΦP =
∫ SQ
2piρ
(
sPQ
) cosh
(
piR−sQP
λ
)
sinh
(
piR
λ
) dAQ (10)
where sPQ is the length of the geodetic (e.g., the circle arc of radius R) connecting the points P and Q . Eq. (10) provides the
particle flux in the case of a pure absorbing sphere. When isotropic scattering is present, a similar equation can be written,
in which the total particle source is the sum of the external source, S , and of the scattering source γ
λ
Φ , γ being the ratio
between the scattering cross section and the total cross section, as [8]
ΦP =
∫ (
SQ + γ
λ
ΦQ
) cosh (piR−sQP
λ
)
2piρ
(
sPQ
)
sinh
(
piR
λ
)dAQ . (11)
The integral equation (11) allows one to determine the particle flux on the surface once the external source S is known.
3. Integral transport equation in spherical polar coordinates
In this section, the integral equation (11) is rewritten in spherical polar coordinates (θ, ϕ). Referring to Fig. 2, the length
of the circle arc of radius R, sPQ , connecting the points P and Q on the surface is given by
sPQ = R · α = R arccos
(
er,P · er,Q
)
(12)
where er,P and er,Q are the unit vectors perpendicular to the surface at P and Q , respectively, which can be written as
er,P = sin (θP) cos (ϕP) ex + sin (θP) sin (ϕP) ey + cos (θP) ez
er,Q = sin
(
θQ
)
cos
(
ϕQ
)
ex + sin
(
θQ
)
sin
(
ϕQ
)
ey + cos
(
θQ
)
ez .
(13)
Thus, the value of sPQ can be expressed as
sPQ = R · arccos
[
L
(
µP , µQ , ϕP − ϕQ
)]
(14)
where µ = cos (θ) and
L
(
µ,µ′, ω
) = √(1− µ2) (1− µ′2) cos (ω)+ µ · µ′. (15)
Moreover, the quantity ρ
(
sPQ
)
can be written as
ρ
(
sPQ
) = R√1− L 2 (µP , µQ , ϕP − ϕQ ). (16)
Thus, by recalling that dAQ = R2dµQdϕQ the integral equation (11) becomes
Φ (µP , ϕP) =
∫ 1
−1
dµQ
∫ 2pi
0
dϕQ
[
S
(
µQ , ϕQ
)+ γ
λ
Φ
(
µQ , ϕQ
)]
K
(
µP , µQ , ϕP − ϕQ
)
(17)
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Fig. 3. Kernel K (µ,µ
′)
R as given by Eq. (21) for γ = 0.3 and λR = 1.
where the kernel K is defined as
K
(
µ,µ′, ω
) = R cosh { Rλ [pi − arccosL (µ,µ′, ω)]}
2pi sinh
(
piR
λ
)√
1− L 2 (µ,µ′, ω) . (18)
The integral equation (17) can be written in a simpler way when it is used to calculate the Green function of the problem. In
fact, if a unitary localized source is present, by choosing a reference frame in which the source is located at the ‘‘north pole’’
of the sphere (µ = 1), due to the symmetry of the problem the Green function of the problem, G , will depend only on µP ,
and Eq. (17) becomes
G (µP) =
∫ 1
−1
dµQ
∫ 2pi
0
dϕQ
[
δ
(
µQ − 1
)
2pi
+ γ
λ
G
(
µQ
)]
K
(
µP , µQ , ϕP − ϕQ
)
. (19)
Considering that the term appearing in the square brackets does not depend on ϕQ , the Eq. (19) can be rewritten as
G
(
µp
) = K (µP , 1)
2pi
+ γ
λ
∫ 1
−1
G
(
µQ
)
K
(
µP , µQ
)
dµQ (20)
where
K
(
µ,µ′
) = ∫ 2pi
0
K
(
µ,µ′, ω
)
dω. (21)
In particular,
K (µP , 1) = R cosh
[ R
λ
(pi − arccosµP)
]
2pi
√
1− µ2P sinh
(
piR
λ
) . (22)
Fig. 3 shows the contour of the kernel K (µ,µ
′)
R as given by Eq. (21) for γ = 0.3 and λR = 1.
4. Numerical results for the Green function
The solution of Eq. (20) has been obtained by suitably discretizing the integral term appearing in it. In this way, the
integral equation is transformed into a linear system of equations. Numerical solutions of Eq. (20) have been performed for
different values of the ratio λ/R and the results have been compared to the one obtained using the Monte Carlo method.
TheMonte Carlo solution is obtained by generating a randomwalk [P0, P1, P2, . . .] for each particle emitted by the source.
If Oxyz is a fixed reference frame (e.g., the one whose z axis encounters the point source), the coordinates of the i-th point
of the random walk, Pi, are obtained as
xi = R sin θi cosϕi, yi = R sin θi sinϕi, zi = R cos θi (23)
by using polar coordinates. Now a new reference frame Ox′y′z ′ is considered, in which the z ′ axis encounters the sphere at
Pi. Using the classic method of the Euler angles, the relationship between the coordinates in the two different frames can be
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Fig. 4. Random steps Pi and Pi+1 in spherical polar coordinates.
Fig. 5. Normalized fluxes obtained with the Monte Carlo method for a point source on a pure absorbing sphere (γ = 0), for λ/R = 0.5 (), 1 (4) and
2 (©), compared with the corresponding exact values given by Eq. (9) (full lines).
Fig. 6. Normalized fluxes obtained with the Monte Carlo method for a point source in the presence of isotropic scattering (γ = 0.3), for λ/R = 0.5 (),
1 (4) and 2 (©), compared with the corresponding numerical solutions of Eq. (20) (full lines).
written as
x = Rz (−θi) Ry (−ϕi) x′ (24)
G. Coppa et al. / Computers and Mathematics with Applications 59 (2010) 486–492 491
Fig. 7. Normalized fluxes obtained with the Monte Carlo method for a point source in the presence of isotropic scattering (γ = 0.6), for λ/R = 0.5 (),
1 (4) and 2 (©), compared with the corresponding numerical solutions of Eq. (20) (full lines).
Fig. 8. Normalized fluxes obtained with the Monte Carlo method for a point source in the presence of isotropic scattering (γ = 0.9), for λ/R = 0.5 (),
1 (4) and 2 (©), compared with the corresponding numerical solutions of Eq. (20) (full lines).
where
Rz (β) =
( cosβ sinβ 0
− sinβ cosβ 0
0 0 1
)
, Ry (β) =
(cosβ 0 − sinβ
0 1 0
sinβ 0 cosβ
)
(25)
are the rotation operators for an angle β , around the z and y axes, respectively.
Considering that between two successive random steps Pi and Pi+1 (as in Fig. 4) the probability for a particle to travel a
distance swithout any interaction and to have a collision in [s, s+ ds] is
1
λ
exp(−s/λ)ds (26)
the position Pi+1 of the particle in the reference frame Ox′y′z ′ is calculated by generating two random numbers, ξ1 and ξ2,
which are both uniformly distributed in the interval [0, 1], and expressing the polar angles θ ′, ϕ′ of Pi+1 as
θ ′i+1 = −
λ
R
log (ξ1) , ϕ′i+1 = 2piξ2 (27)
and, consequently, the coordinates of Pi+1 in Ox′y′z ′ are
x′i+1 = R sin θ ′i+1 cosϕ′i+1, y′i+1 = R sin θ ′i+1 sinϕ′i+1, z ′i+1 = R cos θ ′i+1. (28)
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Finally, using Eq. (24), the coordinates of Pi+1 are calculated in Oxyz. If the event occurring in Pi+1 is a scattering, a new point
Pi+2 is generated; otherwise the random walk is stopped.
In Fig. 5, the numerical result obtained with the Monte Carlo method in the case of a pure absorbing sphere and of an
isotropic time-constant point source emitting S particles per unit time are compared with the analytical expression given
by Eq. (9). For when isotropic scattering is present, the particle flux has been obtained by solving numerically the integral
equation (20) with the source iteration technique. Numerical results with γ = 0.3, 0.6, 0.9 and λR = 0.5, 1, 2 have been
reported in Figs. 6–8 in the case of a point source and they have been compared with the results obtained resorting to the
Monte Carlo method.
References
[1] D.C. Sahni, N.G. Sjostrand, Criticality and time eigenvalues in one-speed neutron transport, Progr. Nucl. Energy 23 (1990) 241–289.
[2] R. Sanchez, N.J. McCormick, A review of neutron transport approximations, Nucl. Sci. Eng. 80 (1982) 481–535.
[3] B.D. Ganapol, D.E. Kornreich, Themonoenergetic transport equationwith forward/backward/isotropic scattering, Ann. Nucl. Energy 23 (1996) 301–320.
[4] M.M.R. Williams, On some one-speed neutron transport problems revisited and reformulated, Ann. Nucl. Energy 28 (2001) 755–776.
[5] M.M.R. Williams, The integral form of the neutron transport equation for backward–forward scattering in bare spheres, Ann. Nucl. Energy 29 (2002)
777–789.
[6] S.K. Loyalka, S. Naz, One speed black sphere problem: Some benchmark results, Ann. Nucl. Energy 35 (2008) 1774–1778.
[7] K.R. Olson, D.L. Henderson, Numerical benchmark solutions for time-dependent neutral particle transport in one-dimensional homogeneous media
using integral transport, Ann. Nucl. Energy 31 (2004) 1495–1537.
[8] B. Davison, Neutron Transport Theory, Oxford University Press, London, 1958.
